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The nonlinear Breit-Wheeler process of electron-positron pair production off a probe photon colliding with
a low-frequency and a high-frequency electromagnetic wave that propagate in the same direction is analyzed.
We calculate the pair-production probability and the spectra of the created pair in the nonlinear Breit-Wheeler
processes of pair production off a probe photon colliding with two plane waves or one of these two plane
waves. The differences of these two cases are discussed. We evidently show, in the two-wave case, the pos-
sibility of Breit-Wheeler pair production with simultaneous photon emission into the low-frequency wave and
the high multiphoton phenomena: (i) Breit-Wheeler pair production by absorption of the probe photon and a
large number of photons from the low-frequency wave, in addition to the absorption of one photon from the
high-frequency wave; (ii) Breit-Wheeler pair production by absorption of the probe photon and one photon
from the high-frequency wave with simultaneous emission of a large number of photons into the low-frequency
wave. The phenomenon of photon emission into the wave cannot happen in the one-wave case. Compared with
the one-wave case, the contributions from high multiphoton processes are largely enhanced in the two-wave
case. The results presented in this article show a possible way to access the observations of the phenomenon of
photon emission into the wave and high multiphoton phenomenon in Breit-Wheeler pair production even with
the laser-beam intensity of order 1018 W/cm2.
PACS numbers: 12.20.-m, 12.20.Ds, 13.40.-f, 42.50.Hz
I. INTRODUCTION
Owing to recent advanced laser technologies, the intensity
of laser beams has been and will be increased several orders of
magnitudes in the last decade and in the future; it becomes ac-
cessible to observe the fundamental phenomena of the quan-
tum electrodynamics (QED) in the nonlinear regime of strong
fields [1, 2]. The characteristic scale of strong fields is given
by the critical field Ec = m2c3/|e|h¯ = 1.3× 1016V/cm, cor-
responding to the critical intensity Ic ≃ 4.6× 1029 W/cm2
of laser beams. At the critical field, one of these funda-
mental phenomena is electron-positron (e−e+) pair produc-
tion from the QED vacuum that was studied by Sauter, Euler,
and Heisenberg in terms of the Euler-Heisenberg effective La-
grangian [3, 4] and by Schwinger in the QED framework [5]
(for more details see reviews [6, 7]).
There are many experiments used to reach the critical field
in ground laboratories: x-ray free electron laser (XFEL) fa-
cilities [8], optical high-intensity laser facilities such as the
Petawatt laser beam [9] or ELI [10], and the SLAC-E-144 ex-
periment using nonlinear Compton scattering [11, 12] (for de-
tails see review articles [1, 13]). This leads to the physics of
ultra-high-intensity laser-matter interactions near the critical
field (see, e.g., Refs. [2, 14–17]).
Another nonlinear QED phenomenon whose relevant ob-
servations might be more easily accessible in ground labora-
tories is the nonlinear Breit-Wheeler process
γ ′+ n¯γ → e−+ e+. (1)
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The creation of an e−e+ pair in the collision of two real
photons γ ′+ γ → e−+ e+ was first considered by Breit and
Wheeler [18]. This linear Breit-Wheeler process refers to a
perturbative QED process. In the seminal works by Reiss [19]
and others [20–24], the authors fully analyzed and discussed
the generalization of the Breit-Wheeler process to the nonlin-
ear process (1) of e−e+ pair production off a probe photon
colliding with an intensive monochromatic plane wave. They
have shown that the nonlinear Breit-Wheeler process is a mul-
tiphoton process.
In order to create an e−e+ pair, the center-of-mass (CM)
energy of the scattering photons must be larger than the
kinematic energy threshold 2mc2 ≃ 1.02 MeV, where m is
the electron mass. The phenomenon of pair production in
multiphoton light-by-light scattering of the nonlinear Breit-
Wheeler process has been detected in the SLAC-E-144 ex-
periment [11, 12]. In this experiment, a laser beam with
an intensity of I ∼ 1018 W/cm2 and a 527 nm wavelength
was applied. The high-energy probe photon was created by
the backscattering of the laser beam off a high-energy elec-
tron beam of energy 46.6 GeV. With a laser beam of pho-
ton energy 2.35 eV and probe photons with a maximum en-
ergy 29.2 GeV, a highly nonlinear phenomenon of the Breit-
Wheeler multiphoton process was observed [11, 12]. e−e+
pair production by real photons of the Breit-Wheeler process
is one of most relevant elementary processes in high-energy
astrophysics, and it can lead to observable effects such as the
high-energy γ spectra and relevant information about the cos-
mic background radiation (see, e.g., Refs. [7, 25, 26]).
The generalization of this nonlinear Breit-Wheeler multi-
photon process in a monochromatic plane wave of infinitely
long pulse to the case of a finite pulse has been investigated
in Refs. [27–31], considering the fact that the upcoming in-
tensive optical laser beams are expected to be very short
2with only a few oscillations of the electromagnetic field in
their pulses. It has been shown that the pulse shape and the
pulse duration have a variety of effects on the nonlinear Breit-
Wheeler process [27–31], such as the enhancement of the
pair-production rate in the subthreshold region [28] and the
carrier-envelope phase effects on the distribution of created
pairs [30].
The approach of using two electromagnetic waves and mul-
tiple colliding electromagnetic waves is the future direction
of studying the fundamental QED phenomena in the non-
linear regime of strong fields, due to its various advantages
such as the enhancement of the pair-production rate (see,
e.g., Refs. [2, 32, 33]). As proposed in Refs. [32, 34],
the Schwinger mechanism of vacuum pair production is cat-
alyzed by superimposing a high-frequency beam with a strong
low-frequency laser pulse. With a similar idea, tunneling
e−e+ pair creation was shown to be observable with the al-
ready available technology, in a setup in which a strong low-
frequency and a weak high-frequency laser field collide head-
on with a relativistic nucleus [35]. This pair-production mech-
anism can be described by the absorption of one photon from
the high-frequency laser field and several additional photons
from the low-frequency laser field [35].
In this article, we study the nonlinear Breit-Wheeler pro-
cess in the scenario of a probe photon colliding with two elec-
tromagnetic waves. Pair production off a probe photon col-
liding with two monochromatic plane waves and electroweak
processes in two monochromatic plane wave fields were con-
sidered for the first time in Refs. [36–38]. In this article, we
focus on the high multiphoton nonlinear phenomenon of the
nonlinear Breit-Wheeler process in the case of a probe photon
γ ′ colliding with a low-frequency and a high-frequency elec-
tromagnetic wave that propagate in the same direction. The
results obtained are compared and contrasted with the results
obtained in the nonlinear Breit-Wheeler process for the case
of the probe photon colliding with one electromagnetic wave
only.
The article is organized as follows. In Sec. II, we present
the basic formalism of the nonlinear Breit-Wheeler process
in the case of the collision of a probe photon with two elec-
tromagnetic waves. In Sec. III, we present our detailed dis-
cussions on the basis of the numerical analysis of the high
multiphoton phenomenon of a photon colliding with a low-
frequency and a high-frequency electromagnetic wave that
propagate in the same direction. A summary and some re-
marks are given in Sec. IV. We use units of h¯= c = 1 through-
out the article.
II. BASIC FORMALISM FOR THE PAIR-PRODUCTION
PROBABILITY
In this article, we adopt the vector potential of electromag-
netic fields as a superposition of two monochromatic plane
waves Aµ and Bµ with their wave vectors k and κ (k 6= κ) :
V µ = Aµ(ϕ)+Bµ(χ), (2)
with the phases ϕ = k · x, χ = κ · x. We consider the case of
two waves propagating in the same direction, satisfying the
conditions k ·κ = 0, k ·B = 0, κ ·A = 0, and A ·B = 0. More
specifically, we assume the vector potentials of the two plane
waves to be
Aµ = aµ cosϕ ; kµ = (ω1,0,0,ω1); aµ = |a|(0,1,0,0), (3)
Bµ = bµ cos χb; κ µ = (ω2,0,0,ω2); bµ = |b|(0,0,1,0), (4)
where χb ≡ χ + δ , δ is the phase shift, and ω1 and ω2 are the
frequencies of the two plane waves.
Similar to the calculations of the nonlinear Breit-Wheeler
process (1) of a probe photon colliding with an electromag-
netic wave [20–24], we study the probability of e−e+ pair
production off a probe photon colliding with two plane waves,
γ ′+ n¯1γ1 + n¯2γ2 → e++ e−, (5)
by using the Volkov solutions of the Dirac equation in two
plane waves to calculate the scattering amplitude in the Furry
picture of QED. In the Furry picture, the S matrix element of
the scattering amplitude in the tree level for this process (5) is
expressed as
S f i =−ie
∫
d4xψ¯e−p1σ1
e−ik
′·x√
2k′0
/εψe+p2σ2 , (6)
where ε is the polarization of the probe photon and k′ is its
momentum. ψe−p1σ1 and ψ
e+
p2σ2 are the wave functions of the
outgoing electron and positron in two plane waves. p1 and p2
are the momenta of the electron and positron and σ1 and σ2 are
their spins, respectively. i represents the imaginary unit. We
also introduce the invariant parameters of the electromagnetic
fields as ξ1 = |e||a|/m, ζ1 = (k · k′)ξ1/m2, ξ2 = |e||b|/m, andζ2 = (κ · k′)ξ2/m2, with m being the mass of electrons.
The solutions of the Dirac equation in a background plane
wave were found by Volkov in 1935 [39, 40]. Following
a similar method, one can obtain the solutions of the Dirac
equation in two background plane waves [36–38, 41]. In the
case of the fields with the vector potential of Eqs. (2)-(4), the
solution of the Dirac equation for the electron is
ψe−p1σ1 =
[
1+ e
/k/A
2(k · p1)
+
e/κ/B
2(κ · p1)
]
up1σ1
e−iq1·x
× exp
[
−ie(p1 ·a)
(k · p1)
sinϕ + i e
2a2
8(k · p1)
sin2ϕ
]
× exp
[
−ie(p1 ·b)
(κ · p1)
sin χb + i
e2b2
8(κ · p1)
sin2χb
]
. (7)
The wave function of the positron ψe+p2σ2 can be obtained from
Eq. (7) by the substitutions p1 → p2, q1 → q2, and up1σ1 →
vp2σ2 , where up1σ1 and vp2σ2 are, respectively, the spinor of a
free electron and a free positron. The effective momenta and
mass are
qµi = p
µ
i −
e2a2
4(k · pi)
kµ − e
2b2
4(κ · pi)
κ µ , i = 1,2, (8)
m2∗ = m
2−
e2a2
2
−
e2b2
2
. (9)
3In order to calculate the pair-production probability, the fol-
lowing Fourier series [20, 24] were introduced
coss ϕei(−α1 sinϕ+β1 sin2ϕ) =
∞
∑
n1=−∞
As(n1α1β1)e−in1ϕ , (10)
coss χbei(−α2 sin χb+β2 sin2χb) =
∞
∑
n2=−∞
Bs(n2α2β2)e−in2χb ,(11)
where
α1 = e
[
p2 ·a
k · p2
−
p1 ·a
k · p1
]
; β1 =− e
2a2
8(k · p1)
−
e2a2
8(k · p2)
. (12)
By the substitutions of a→ b and k→ κ , α2 and β2 can be ob-
tained from α1 and β1 of Eq. (12), respectively. As(n1α1β1)
and Bs(n2α2β2) are expressed by Bessel functions, and obey
the following relations [20, 24]:
(n1− 2β1)A0−α1A1 + 4β1A2 = 0, (13)
(n2− 2β2)B0−α2B1 + 4β2B2 = 0, (14)
where we introduce the notations As := As(n1α1β1) and
Bs := Bs(n2α2β2).
Following the approach presented in Ref. [24], with the
help of Eqs. (7)-(14), we calculate the pair-production prob-
ability (W ) per unit volume and per unit time for the nonlin-
ear Breit-Wheeler process (5) of pair production off a probe
photon colliding with the two plane waves with the vector po-
tential of Eqs. (2)-(4) by squaring the S matrix element (6),
summing over the polarizations of the outgoing electron and
positron, averaging over the polarizations of the probe pho-
ton, and integrating over the final states d3q1d3q2(2pi)−6 of
the positron and the electron,
W =
e2nγ
16pi2k′0
∑
n1,n2
∫ 2pi
0
dφ
∫ us
1
du
u
√
u(u− 1)
M (n1,n2), (15)
where u = (k ·k′)2/4(k ·q1)(k ·q2) and φ is the angle between
the (~k, ~q1) and (~k, ~a) planes in a system in which~k and ~k′ are
oppositely directed. In the probability (15), nγ is the average
density of the probe photon beam and M (n1,n2) is given by
M (n1,n2) = m
2
A
2
0 B
2
0
+e2a2
[
1− (k · k
′)2
2(k · p1)(k · p2)
]
(A 21 B
2
0 −A0A2B
2
0)
+e2b2
[
1− (κ · k
′)2
2(κ · p1)(κ · p2)
]
(A 20 B
2
1 −A
2
0 B0B2).(16)
In addition, the maximum value for u in Eq. (15) is
us =
n1(k · k′)+ n2(κ · k′)
2m2∗
. (17)
The positive values of n1 (n2) physically indicate that n1
(n2) photons are absorbed from the first wave (3) [the second
wave (4)] in the process, while the negative values of n1 (n2)
physically indicate |n1| (|n2|) photons are emitted into the first
wave (the second wave) in the process. The numbers n1 and
n2 of photons absorbed from (emitted into) the waves must
satisfy the threshold condition
n1(k · k′)+ n2(κ · k′)> 2m2∗. (18)
The summation of n1 and n2 in Eq. (15) must satisfy the con-
dition (18). Each n1 and n2 in the probability (15) corresponds
to a four-quasimomentum conservation law
n1k+ n2κ + k′ = q1 + q2. (19)
As shown in the threshold condition (18), negative values
of n1 or n2 are allowed in the nonlinear Breit-Wheeler pro-
cess of pair production off a probe photon colliding with two
monochromatic plane waves. This shows the possibility of
Breit-Wheeler pair production by the absorption of photons
from one of these two waves and the probe photon with simul-
taneous photon emission into the other wave. This is quite dif-
ferent from the nonlinear Breit-Wheeler process of pair pro-
duction off a probe photon colliding with one plane wave only,
for which negative values of n1 (n2) are not allowed by the
threshold condition.
When one of the two plane waves is absent, the pair-
production probability (15) reduces to the result of the non-
linear Breit-Wheeler process (1) in one plane wave obtained
by Refs. [20, 24]. More specifically, for the case of |b| = 0,
we obtain the pair-production probability
W =
e2m2nγ
16pi2k′0
∑
n1>n0
∫ 2pi
0
dφ
∫ us1
1
du
u
√
u(u− 1)
Ma(n1), (20)
with
Ma(n1)=m
2
A
2
0 +e
2a2
[
1− (k · k
′)2
2(k · p1)(k · p2)
]
(A 21 −A0A2),
(21)
the threshold value n0 = 2m2∗/(k ·k′), and the maximum value
us1 = n1(k · k′)/2m2∗. The effective mass m∗ in this case is
given by Eq. (9) by setting b2 = 0. Using formulas (20)-
(21), Refs. [20, 24] studied pair production off a probe photon
colliding with a monochromatic plane wave in the cases of
ξ1 ≫ 1 and ξ1 ≪ 1. Their results showed that (i) in the caseξ1 ≪ 1, the process yields to the perturbation process as con-
sidered first by Breit and Wheeler; (ii) in the case ξ1 ≫ 1, the
process yields to the case of a constant crossed field [20, 24].
After having obtained the probability (15)-(16) of pair pro-
duction off a probe photon colliding with two monochromatic
plane waves, we occasionally find a similar study in Ref. [36],
where the pair-production probability was numerically calcu-
lated for the case in which the invariant parameters ξ1, ζ1,ξ2, and ζ2 are of the order of unity. In this article we use
Eqs. (15)-(16) to present an analysis of the phenomenon of
pair production with simultaneous photon emission into the
low-frequency wave and high multiphoton phenomenon in
this process (5) in the case of ω2 ≫ ω1. We select the param-
eters of the electromagnetic fields and the probe photon close
to the values used in the SLAC-E-144 experiment [11, 12].
We calculate the pair-production probability and the spectra
of the created pair in this process. For the purpose of nec-
essary comparisons, we also present the same analysis of the
4one plane-wave process (1) (i.e., one of the two plane waves
is absent). As a result, we quantitatively compare and contrast
the multiphoton phenomenon in the two plane-wave process
(5) and one plane-wave process (1).
It is important to point out that, to calculate the squared
|S f i|2 of the S-matrix element (6), one has to perform the dou-
ble sum over n′1 and n′2 in addition to the double sum over n1
and n2 satisfying the relation
n1k+ n2κ = n′1k+ n′2κ , (22)
since n1 and n2 denote the modes of the Fourier series (10) and
(11) of the S-matrix element S f i (6), whereas n′1 and n′2 denote
the modes of the Fourier series (10) and (11) of the complex
conjugate of the S-matrix element S†f i. If the frequencies of
the two waves are commensurate (the ratio ω2/ω1 is a rational
number), the quantum interferences of the amplitudes corre-
sponding to n′1 6= n1, n′2 6= n2, and satisfying the relation (22),
arise [42]. The pair-production probability (∼ |S f i|2) receives
contributions from the quantum interferences of the ampli-
tudes, in which there is a phase factor exp [i(n′2− n2)δ ] for
the given (n′2, n2). As shown in Ref. [42], the optimal value
of the frequency ratio ω2/ω1 for observing interference ef-
fects is 3, i.e., ω2 = 3 ω1. If the frequencies of the two waves
are incommensurate, there are no solutions of n′1 6= n1 and
n′2 6= n2 in Eq. (22); hence, the contributions from the quan-
tum interferences of the amplitudes n′1 6= n1 and n′2 6= n2 to the
|S f i|2 vanish, Eqs. (15) and (16) obtained from the amplitudes
n′1 = n1 and n′2 = n2 are exact results [36, 42], and the depen-
dence of the pair-production probability on the phase shift δ
vanishes [42].
In this article, in order to analyze the phenomenon of pair
production with simultaneous photon emission into the low-
frequency wave and high multiphoton phenomenon in this
two-wave process (5) in the case of ω2 ≫ ω1, we select
the frequencies of these two waves to be ω2 = 100 ω1 (see
Sec. III A for details). Although the frequencies of these two
waves are commensurate, we approximately adopt the exact
pair-production probability (15) for n′1 = n1 and n′2 = n2 to
study pair production in our case by ignoring the contributions
from the quantum interferences of the amplitudes. The rea-
sons are given as follows. In the case ω2 ≫ ω1, the effects of
quantum interferences are present only in the very large wave
modes (n1 6= n′1 and |n1| and/or |n′1| ≫ 1) [42]. The contribu-
tions of the processes with large wave modes (n1 6= n′1 and |n1|
and/or |n′1| ≫ 1) are suppressed by the weak ξ1 and ξ2 con-
sidered in this article. Therefore, the effects of quantum inter-
ferences are expected to be small in our case. Nevertheless, in
numerical calculations we have made some self-consistency
checks to make sure that the interference effects are indeed
negligible in our case for studying the contributions of mul-
tiphoton processes to the pair-production rate. However, we
would like to mention that we are interested in investigating
the interference effects in future studies.
III. NUMERICAL ANALYSIS
A. Plane-wave and probe photon fields
Based on the high-energy photons and technology for laser
beams used in the SLAC-E-144 experiment, we consider the
following parameters for high-energy photons and electro-
magnetic plane waves. The intensities of the electromagnetic
fields are selected to be I1 = I2 = 1018 W/cm2. The intensity
Ii (i = 1,2) of the electromagnetic field is related to the field
strength parameter ξi by
ξ 2i ≈ 1.13× 10−18 [ωi(eV)]−2 Ii(W/cm2). (23)
For an electromagnetic field with intensity I = 1018 W/cm2
and frequency ω ∼ 1 eV (the optical regime), the field strength
parameter ξ is of the order of unity. Also we set ω2 = 100 ω1
throughout the following calculations.
One of the purposes in this article is to study the difference
between the nonlinear Breit-Wheeler process of pair produc-
tion off a probe photon colliding with two plane waves and
the nonlinear Breit-Wheeler process of pair production off a
probe photon colliding with one plane wave. For the sake of
comparison, we choose the energy of the probe photon so that
the probability of pair production off the probe photon collid-
ing with one of these two plane waves is almost the same as
the probability of pair production off the probe photon collid-
ing with the other plane wave, in the regime of the one used
in the SLAC-E-144 experiment (∼ 30 GeV). This means that
for each value of ξ1 (ω1) we have a corresponding value of k′0
(see Table I).
ω1 (eV) 2.5 3 3.5 4 4.5
k′0 (GeV) 38 31.4 27.4 26.4 29.8
TABLE I: The energy k′0 of the probe photon for each selected value
of the frequency ω1.
It is worth mentioning the recent article [43] that presents
the analysis of scalar pair production off a high-energy photon
colliding with a bifrequent laser wave within the framework of
laser-dressed scalar QED. Using the parameters of the elec-
tromagnetic fields of two laser beams ω2 ∼ m, ω1 ∼ 0.1 ω2,ξ1 ∼ 1, and ξ2 ∼ 10−2, and the energy of the probe photon
k′0 ∼ m, Ref. [43] shows that the pair-production rate can be
largely enhanced compared with the case in the absence of the
high-frequency laser wave. In the present article, we actually
perform our analysis in the framework of laser-dressed spinor
QED in order to take into account all contributions from laser-
dressed spinor wave functions (7) of electrons and positrons.
The effect of enhancement [43] is also observed in our anal-
ysis with the different parameters of laser beams and probe
photons. However, in this article, we present (and focus on)
the phenomenon of pair production with simultaneous photon
emission into the low-frequency wave and high multiphoton
nonlinear phenomenon in the nonlinear Breit-Wheeler pro-
cess (5) of pair production off a probe photon colliding with a
5low-frequency wave and a high-frequency wave. We calculate
the pair-production probability and the spectra of the created
pair, and compare and contrast these results with the results
obtained in the case of the probe photon colliding with each
of these two plane waves, to provide a possible way to ac-
cess the phenomenon of photon emission into the wave and
the high multiphoton phenomenon. Besides, we purposely
select the energy of the probe photon and parameters of the
electromagnetic fields of two laser beams on the basis of the
SLAC-E-144 experiment, so as to closely relate our results to
the experimental situation.
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FIG. 1: (Color online) The pair-production probability W is calcu-
lated for selected values of the frequency ω1. We normalize the
probability W by 10−6nγ eV, the average density nγ of the probe
photon beam is in units of (eV)3, and the frequency ω1 is in units
of eV. We show the results in the following cases: (i) a probe pho-
ton colliding with two plane waves; (ii) the probe photon colliding
with each of these two plane waves. Here we choose the frequencies
ω2 = 100 ω1 and the intensities of the fields I1 = I2 = 1018 W/cm2.
For each value of ω1, the energy of the corresponding probe photon
(∼ 30GeV) is selected (see Table I) to make the probability of pair
production off the probe photon colliding with one of the two plane
waves and the probability of pair production off the probe photon
colliding with the other plane wave to be almost the same (see the
overlapping of full circles and squares).
B. Two and one plane-wave cases
In Fig. 1, we show the pair-production probability W in the
case of a probe photon colliding with two plane waves for
different values of the frequency ω1 and the pair-production
probability W in the case of the probe photon colliding with
each of these two plane waves. As shown in Fig. 1, the pair-
production probability (we denote here as Wt ) in the case of a
probe photon colliding with two plane waves is larger than its
corresponding probabilities (Wa and Wb, Wa ≈Wb) in the case
of the probe photon colliding with each of these two plane
waves, but slightly smaller than the sum of these two proba-
bilities (Wa +Wb), i.e.,
(Wa +Wb)'Wt >Wa,b. (24)
Here we introduce the notations Wa = W ||b|=0 and Wb =
W ||a|=0 for the probability of pair creation off the probe pho-
ton colliding with each of these two plane waves, respectively,
which are calculated by Eqs. (20)-(21). It is necessary to clar-
ify here that the relation (24) is not true, in general, but only
holds for the parameters of the laser waves and probe pho-
ton considered in this article; e.g., it does not hold for the
case discussed in Ref. [43]. The result (24) can be under-
stood from the point that the effective masses (9) of electrons
and positrons in the two plane waves are slightly larger than
the effective masses of electrons and positrons in one of these
two plane waves. Therefore, in the case of two plane waves,
the contribution to the pair-production probability from each
plane wave is slightly suppressed by the slightly large effec-
tive mass. This leads to the result that Wt / (Wa +Wb). We
will give some further discussions below.
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FIG. 2: (Color online) The normalized pair-production probability
W1(n1) is plotted as a function of n1. The normalized pair-production
probability War(n1) for the case of one plane wave (|b| = 0) and
W0(n1) are plotted in the inset. (a) ω1 = 2.5 eV and (b) ω1 = 4 eV.
Here we use the same parameters of the plane waves and probe pho-
tons as the ones used in Fig. 1.
C. The high multiphoton phenomenon and pair production
with simultaneous photon emission
In order to the phenomenon of pair production with simulta-
neous photon emission into the low-frequency wave and high
multiphoton phenomenon in this nonlinear Breit-Wheeler pro-
cess (5), we study the pair-production probability for the pro-
cess with the given n1 and n2 related to the given numbers
(|n1|, |n2|) of photons absorbed from (emitted into) the two
6plane waves,
Wt(n1,n2) =
e2nγ
16pi2k′0
∫ 2pi
0
dφ
∫ us
1
du
u
√
u(u− 1)
M (n1,n2).
(25)
For the following discussions, we define the normalized pair-
production probability for the process with the given n1 and
n2 as
Wn2(n1) =Wt(n1,n2)/Wt(n
thre
1 (n2),n2), (26)
where nthre1 (n2) is the minimum value of |n1| determined by
Eq. (18) for a fixed value of n2. For a comparison with the
case of one plane wave (|b|= 0), analogously to Eq. (26), we
also define the normalized pair-production probability for the
process with a given n1 in the case when the high-frequency
wave is absent (|b|= 0) as
War(n1) =Wa(n1)/Wa(n0), (27)
where Wa(n1) is obtained from Eq. (20),
Wa(n1) =
e2nγ
16pi2k′0
∫ 2pi
0
dφ
∫ us1
1
du
u
√
u(u− 1)
Ma(n1). (28)
The results of W0(n1), W1(n1), and War(n1) for the cases of
ω1 = 2.5 eV and 4 eV are shown in Fig. 2. We show these
results only for the two lowest numbers (n2 = 0,1) of photons
absorbed from the high-frequency wave field. The contribu-
tions from n2 > 1 are very small because the ξ2 under con-
sideration is very small (ξ2 ≪ 1). This is in agreement with
the result of Refs. [20, 24]. In addition, the contributions from
negative values of n2 are also very small. The reasons as fol-
lows. According to the threshold condition (18), when n2 is
negative, there must be a very large number of photons ab-
sorbed from the low-frequency wave (n1 ≫ 1). However, the
contributions from the processes with large n1 (n1 ≫ 1) are
suppressed by the weak ξ1 considered in this article.
It is shown in Fig. 2 that W0(n1) is rather close to War(n1)
for each selected value of ω1. This can be understood as
follows. In our calculations for ξ1 ≫ ξ2, the effects of the
high-frequency wave on the wave function of electrons and
positrons such as the spin correction, phase correction, and
effective mass are small, compared to the effects of the low-
frequency wave. In this regard, the influence of the high-
frequency wave on the pair is very small for the process in
which there is no photon absorbed from the high-frequency
wave. More explicitly, this can be seen from the expression
of Bs in Refs. [20, 24] and the properties of the Bessel func-
tions (see, e.g., Ref. [44]) that B0|n2=0 ∼ 1, B1|n2=0 ∼ 0,
and B2|n2=0 ∼ 1/2, for the parameters of the plane waves we
use here. As a result, it is shown from Eqs. (25) and (28) that
W0(n1) is close to War(n1).
In Fig. 2, War(n1) decreases rapidly as the value of n1 in-
creases. This result is in agreement with the discussion in
Refs. [20, 24] for the field strength parameter ξ1 < 1. In this
case, the main contributions to the probability of pair produc-
tion off a probe photon colliding with one monochromatic
plane wave are from the processes in which the number of
photons absorbed from the wave is near the threshold value
when the field strength parameter ξ1 < 1. On the contrary,
W1(n1) shows the high multiphoton phenomenon. As shown
in Fig. 2, W1(n1) has a significant value even when the ab-
sorbed photon number n1 is around 20. The absorption of one
photon from the high-frequency wave enhances the multipho-
ton processes of the low-frequency wave. It is also shown in
Fig. 2 that when increasing the frequency ω1, the multipho-
ton phenomenon of W1(n1) is suppressed, consistent with the
discussions [20, 24] in which the multiphoton phenomenon
dominantly depends on the field strength parameters ξ1 andξ2. When the frequencies increase and the intensities do not
change, ξ1 and ξ2 decrease, leading to a lower multiphoton
phenomenon.
In Fig. 2, we show the phenomenon of Breit-Wheeler pair
production with simultaneous photon emission (represented
by the negative values of n1) into the low-frequency wave by
absorbing one photon from the high-frequency wave and the
probe photon. In Fig. 2, the high multiphoton phenomenon is
also shown in this Breit-Wheeler process with simultaneous
photon emission into the low-frequency wave since W1(−|n1|)
has a significant value even when |n1| is large (e.g. |n1| ∼ 20).
In addition, W1(−|n1|) is smaller than W1(|n1|) for a fixed
|n1|. This implies that, absorbing one photon from the high-
frequency wave and the probe photon, the probability of Breit-
Wheeler pair production with photon absorption from the low-
frequency wave is larger than the probability of Breit-Wheeler
pair production with simultaneous photon emission into the
low-frequency wave. One of the reasons is that the former has
a larger phase space of Breit-Wheeler pair production than
the latter. We stress once again that this phenomenon of pair
production with simultaneous photon emission into the wave
cannot happen in the nonlinear Breit-Wheeler process of pair
production off a probe photon colliding with one plane wave
only (see the inset in Fig. 2).
In addition, we want to mention that, as shown in Fig. 2(a)
for the case ω1 = 2.5 eV, War(n1) first increases and then de-
creases, as n1 increases. This is mainly because the selected
value of ζ1 in this case leads to a threshold value n0 very close
to 3. As a result, the phase space in the integration of Eq. (28)
for the case n1 = 3 is rather small compared to the one of the
case n1 = 4. This explains the results of n1 = 3 and n1 = 4
shown in Fig. 2(a).
D. The pair spectrum
Now we turn to the spectra of the e− e+ pair to give a further
understanding and consequence of the phenomenon of pair
production with simultaneous photon emission into the low-
frequency wave and high multiphoton phenomenon shown in
Fig. 2. From the four-quasimomentum conservation law (19)
and the definition of the invariant variable u, we obtain the
transverse component |q⊥| of~q1 and~q2, which are perpendic-
ular to~k (~k and ~k′ being oppositely directed),
|q⊥|= m∗
√
us
u
− 1. (29)
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FIG. 3: (Color online) The differential pair-production probability
dW/dqp is normalized by 10−7nγ eV. We plot it in terms of the
transverse component qp. Here we use the same parameters of the
plane waves and probe photons adopted in Fig. 1 for ω1 = 4 eV. (a):
dW/dqp for the one-wave case of |b|= 0. (b): dW/dqp for the one-
wave case of |a| = 0. (c) dW/dqp for the case of two waves. (d)
Detailed results of dW/dqp for the case of two waves.
Introducing the dimensionless transverse momentum qp ≡
|q⊥|/m, from Eq. (15) we obtain the differential pair-
production probability,
dW
dqp
= ∑
n1,n2
dWn1n2
dqp
, (30)
and the differential pair-production probability of the process
with the given n1 and n2,
dWn1n2
dqp
=
2uqp
(m∗/m)2us
√
u(u− 1)
∫ 2pi
0
dφM (n1,n2). (31)
From Eq. (20), we also obtain the differential pair-production
probability for the case in which the high-frequency wave is
absent (|b|= 0),
dW
dqp
= ∑
n1
dWa(n1)
dqp
, (32)
where the differential pair-production probability
dWa(n1)/dqp of a given n1 can be obtained from Eq. (31) by
M (n1,n2) → Ma(n1) and us → us1 of Eqs. (16) and (17).
In the case when the low-frequency plane wave is absent
(|a|= 0), the differential pair-production probability dW/dqp
can be obtained from Eqs. (21) and (32) by the substitutions
a→ b, k → κ , n1 → n2, and As →Bs.
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FIG. 4: (Color online) The differential pair-production probabil-
ity dWn1n2/dqp for selected values of n1 and n2 is normalized by
10−8nγ eV. We plot it in terms of qp for selecting values (a) n1 =
1,2,4,6,8,10 with n2 = 1 and (b) n1 = −1,−2,−4,−6,−8,−10
with n2 = 1. Here we use the same parameters of the plane waves
and probe photons adopted in Fig. 1 for ω1 = 4 eV.
Figure 3 shows the differential pair-production probability
dW/dqp for both one-wave and two-wave cases. Equation
(29) indicates that the transverse component qp has a maximal
value qmaxp for the process with the given n1 and n2 related
to the numbers (|n1|, |n2|) of photons absorbed from (emitted
into) the waves,
qmaxp (n1,n2) =
m∗
m
√
us− 1 (33)
8for the two-wave case and
qmaxp (n1) =
m∗
m
√
us1 − 1 (34)
for the case when the high-frequency wave is absent (|b|= 0).
The maximal value qmaxp (n2) of transverse component qp for
the case in which the low-frequency plane wave is absent
(|a| = 0) can be obtained from Eq. (34) by the substitutions
a→ b, k→ κ , and n1 → n2. The existence of qmaxp is due to the
four-quasimomentum conservation (19). In Fig. 3, we show
that, corresponding to the contributions from the processes
with the different numbers of photons absorbed (emitted),
the probability dW/dqp has different peaks located around
qp ∼ qmaxp , and sharply decreases at qmaxp .
As shown in Fig. 3(a) for the presence of the low-frequency
wave only, the differential pair-production probability practi-
cally vanishes after n1 = 4, which corresponds to the maxi-
mal value qmaxp (n1)|n1=4 ≈ 0.8. Due to the fact that the field
strength parameter ξ2≪ 1, only the lowest order (n2 = 1) term
has a significant contribution to the pair-production probabil-
ity for the case when the low-frequency wave field is absent
(|a| = 0), as we have discussed above in Fig. 2. The pair
creation process in this case yields to the perturbation pro-
cess considered by Breit and Wheeler [18]. Its consequent
result on the differential pair-production probability is clearly
shown in Fig. 3(b): When qp is larger than the maximal value
qmaxp (n2)|n2=1 ≈ 6.25 for n2 = 1, the differential probability
sharply decreases to zero.
Compared with the results presented in Figs. 3 (a) and
3(b) for the case of one wave, the multipeak structure of the
differential pair-production probability dW/dqp presented in
Figs. 3 (c) and 3(d) for the case of two waves clearly shows
the phenomenon of pair production with simultaneous photon
emission into the low-frequency wave and the high multipho-
ton phenomenon. As shown in the inset of Fig. 3 (d), the
multipeaks of dW/dqp located at different values qmaxp (n1,n2)
indicate the multiphoton processes in which photons of differ-
ent numbers (|n1|) are absorbed from (emitted into) the low-
frequency wave, in addition to the absorption of one photon
(n2 = 1) from the high-frequency wave. In Fig. 4 (a), we plot
dWn1n2/dqp, the detailed spectra of the created e− e+ pair, ab-
sorbing n1 photons from the low-frequency wave and one ad-
ditional photon (n2 = 1) from the high-frequency wave. Due
to the limit of the plotting scale, we only show the results of
n1 = 1,2,4,6,8,10 in Fig. 4(a). In Fig. 4 (b), we plot the
detailed spectra dWn1n2/dqp of the created e− e+ pair by ab-
sorbing one photon (n2 = 1) from the high-frequency wave
and emitting |n1| photons into the low-frequency wave.
We can learn from Fig. 4 how the multiphoton (absorp-
tion or emission) processes contribute to the total differential
pair-production probability dW/dqp in Fig. 3. The multipeak
structure of the total differential pair-production probability
dW/dqp for qp > 6.25 presented in the inset of Fig. 3 (d) is
due to the different peaks of the pair spectra after qp > 6.25
shown in Fig. 4 (a), which correspond to the contributions
from the processes with the absorption of photons of different
numbers (n1) from the low-frequency wave, in addition to the
absorption of one photon from the high-frequency wave. The
multipeak structure of the total differential pair-production
probability dW/dqp for qp < 6.25 presented in the inset of
Fig. 3 (d) is due to the different peaks of the pair spectra af-
ter qp > 5.8 presented in Fig. 4 (b), which correspond to the
contributions from the processes with the emission of pho-
tons of different numbers (|n1|) into the low-frequency wave,
in addition to the absorption of one photon from the high-
frequency wave. In addition, the smooth oscillating structure
of dWn1n2/dqp for qp . 5.8 in Fig. 4 indicates the interference
effect of the two waves on the phase of the wave function of
the pair (7). The results presented in Figs. 3 and 4 provide
a possible way to access the phenomenon of pair production
with simultaneous photon emission into the low-frequency
wave and high multiphoton (absorption and emission) phe-
nomenon in the nonlinear Breit-Wheeler process of pair pro-
duction off a probe photon colliding with two plane waves (a
low-frequency wave and a high-frequency wave), even for the
case of the field strength parameter ξ1,2 < 1.
In addition, we want to point out here that as shown in
Figs. 3 and 4, the spectra dWn1n2/dqp become large values
around the maximal values qmaxp (n1,n2) for fixed values of
(n1,n2). This is mainly due to the factor 1/
√
u(u− 1) in the
pair-production probability of Eqs. (15), (20) and (31). The
integrations of Eqs. (15) and (20) over spectra dW/dqp are
finite, i.e., the total pair-production probability W is finite.
IV. SUMMARY AND REMARKS
Based on the Volkov solutions of the Dirac equation in two
plane waves, we studied the nonlinear Breit-Wheeler process
of pair production off a probe photon colliding with a low-
frequency and a high-frequency plane wave that propagate in
the same direction. We analyzed the difference between the
nonlinear Breit-Wheeler process (5) of e− e+ pair production
off a probe photon colliding with two plane waves and the
process (1) of pair production off the probe photon colliding
with each of these two plane waves.
The results show that the high multiphoton phenomenon is
clearly evident in the nonlinear Breit-Wheeler process of pair
production off a probe photon colliding with a low-frequency
and a high-frequency plane wave. We also show the phe-
nomenon of Breit-Wheeler pair production with simultaneous
photon emission into the low-frequency wave by absorbing
one photon from the high-frequency wave and the probe pho-
ton. This phenomenon of pair production with simultaneous
photon emission into the wave cannot happen in the nonlinear
Breit-Wheeler process of pair production off a probe photon
colliding with one plane wave only. In the case of the elec-
tromagnetic plane waves of intensities I1 = I2 = 1018 W/cm2,
the frequency ω1 ∼ eV, and ω2 = 100 ω1, i.e., ξ1 < 1 andξ2 ≪ 1, the contributions to the pair-production probability
from the process with one photon (n2 = 1) absorbed from the
high-frequency wave and a large number (|n1|) of photons ab-
sorbed from (or emitted into) the low-frequency wave are still
significantly large even at |n1| ≃ 20. As a comparison, in the
absence of the high-frequency wave, the contributions to the
pair-production probability from the processes can be negli-
9gible when the number of photons absorbed from the low-
frequency wave is larger than 5, i.e., n1 > 5. This indicates
that the multiphoton phenomenon cannot be evident in the
presence of one plane wave only with field strength parameter
ξ1,2 < 1. This means that the presence of the high-frequency
wave enhances the contributions of the low-frequency wave to
the pair-production probability via the high multiphoton pro-
cesses. We also present the spectra (multipeak structure) of
the created e− e+ pair to show the effects of the phenomenon
of pair production with simultaneous photon emission into
the low-frequency wave and high multiphoton (absorption and
emission) phenomenon in this two-wave process. These phe-
nomena can be studied by using the already available tech-
nology of lasers even for the wave field strength parameter
ξ1 < 1.
To end this article, we would like to mention that it would
be interesting to make a systematic analysis of the nonlinear
Breit-Wheeler processes of e− e+ pair production off a probe
photon colliding with two plane wave fields in the large range
of parameters ξ1, ξ2, ζ1, and ζ2 of two plane waves and high-
energy photons.
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